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Vinti Solution fof Free-Flight Rocket Trajectories

Donarp V. WapsworTa*
Bell Telephone Laboratories, Inc., Whippany, N. J.

In order to predict accurately the free-flight motion of a rocket near the earth (or other
oblate body) for purposes of trajectory design and guidance, the gravitational effect of the
equatorial bulge must be accounted for. This can be done by solving equations of motion
which are based on a gravitational potential model developed by J. P. Vinti. In this paper,
Vinti’s analysis, originally intended for satellite orbits of many revolutions, is modified
considerably in order to obtain a solution especially suited to the free-flight segments of ascent
to satellite orbit, satellite deorbit, ballistic missile, and spacecraft skip re-entry trajectories.
An important feature of the Vinti solution is that the trajectory calculations take only 0.05 sec
on a digital computer—more than an order of magnitude faster than a numerical integration

solution of the same precision.

Introduction

O predict accurately the free-flight motion of a rocket,

it is necessary to solve equations of motion which are
based on an accurate mathematical model of the gravita-
tional potential of the earth (or other central body). A
first approximation to the solution can be obtained by using
a simplified model for the earth—a point mass, for instance.
The solution to the resultant, simplified equations of motion
is called an “intermediary solution.” In the case of the
point mass approximation, the intermediary solution satisfies
Kepler’s laws.

To obtain a more accurate solution, the intermediary
solution 1s modified by some sort of perturbation analysis to
account for the terms that were omitted in simplifying the
equations of motion. These higher order terms account for
the disturbing effects due to the nonsphericity of the earth.
Unfortunately, the equations that result from the perturba-
tion analysis are often very unwieldy. It would be prefer-
able if the relatively compact equations used for the inter-
mediary orbit solution were sufficiently accurate that no
perturbation analysis is needed. For near-earth orbits of
less than about one revolution, this is the case for the inter-
mediary orbit theory developed by J. P. Vinti.%, 2

When Vinti’s intermediary solution is applied to the free
flight segment of an earth-to-satellite, satellite-to-earth, or
ballistic missile trajectory, the theoretical position error
generally is less than 100 ft. This is due to the fact that the
gravitational potential model used by Vinti is very close to
the most accurate models derived from field observations.

The principal feature of the Vinti potential is that it per-
mits the separation of the Hamilton-Jacobi equation in oblate
spheriodal coordinates. The resultant intermediary orbit
equations involve incomplete elliptic integrals that Vinti
expands in serles, some of which converge with the square
root of the earth’s oblateness parameter. If the independent
variable is time or altitude, the orbit equations must be
solved iteratively to obtain the position and velocity of the
rocket. The iteration can be simplified greatly or even
avoided in some cases if, instead of using Vinti’s expansions,
the solution is left in terms of canonieal elliptic integrals.
The simplification is partly due to the fact that, by introducing
the amplitude elliptic function, one of the orbit equations can
be inverted.

The elliptic' integrals and functions can be evaluated
rapidly from standard series that converge with the first
power of the earth’s oblateness parameter.
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Vinti Potential
The Vinti potential has the form
U = ——kp(p2 4+ 02172) -1

where k and ¢ are constants and the oblate spheroidal coordi-
nates are related to radial distance R and declination é by

P = B = (1= )

The spheroidal azimuth coordinate is identical with the right
ascension a. The origin of the spheroidal coordinate system
is at the center of mass of the earth which is assumed to have
rotational symmetry about the polar axis. The relation-
ship between the oblate and spherical coordinates is illus-
trated in Fig. 1. A vertical cross section through the con-
centric surfaces of constant p (ellipsoids of revolution) and
the orthogonal surfaces of constant # (hyperboloids of revolu-
tion) is shown. In terms of the distances r; and r; from the
two foci, p2 = (r1 + 1)%/4 — ctand 9?2 = 1 — (ry — 19)%(2c) 2.
¢ is the distance from either focus to the center of mass.

If the Vinti potential is expanded in spherical harmonics,
the result is

U = —kR[1 — ¢2R2Py(sind) + Rc**P(sind) — ... ]

where P, are the Legendre polynomials. If k is chosen to
be the earth’s gravitational constant and ¢z = 2R,%J/3
where R, is the equatorial radius and J is Jeffreys’ oblateness
parameter, then this potential represents the zeroth and
second harmonics of the earth’s potential. exactly. The
coefficient of the fourth harmonic of the Vinti potential is
then 0.444.J2. 'The coeflicient of the fourth harmonic for the
earth is 8D/35 = 0.91J2 according to Jeffreys’ J/D ratio.*
More recent estimates, based partly on satellite observations,
give a smaller value for this ratio. Certainly at least half of
the amplitude of the fourth harmonic is represented by the
Vinti potential.
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Fig. 1 Oblate spheroidal coordinates
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Hamilton-Jacobi Method of Solution

The solution for the coordinates of the satellite (or rocket)
motion by the Hamilton-Jacobi method is straightforward.
By the standard procedure, the Hamilton-Jacobi equation is
solved for Hamilton’s characteristic function W in terms of
the three constants of separation ¢, ¢s, and ¢;. ¢ can be
identified with the total energy and c; with the polar com-
ponent of angular momentum. ¢, reduces to the total
angular momentum when ¢2 = 0.

The equations of motion, in terms of the characteristic
function, become

t + 61 = bW/bcl 62 = bW/bCz 63 = 3W/b(33

where the three B8 constants are to be found from initial
conditions and, except for a constant,

W = cp = f (0 + e[t + (—ca? + 2kp +
2¢10%) (0% + cz)]llz dp =+
[ = et + (e + 200 (U — )2 dy

The == sign is to be taken according to whether the variable
in the upper limit of the integrals is increasing or decreasing.

When the partial derivatives are expanded, the right- -

hand sides of the forementioned equations of motion will
contain incomplete elliptic integrals. The details of the
development will not be repeated here since they are covered
in the comprehensive treatment by Vinti. To facilitate
cross reference, Vinti’s analysis and notation are followed as
much as possible in the present section and in the Factoriza-
tion Section.

Factorization

In order to reduce the elliptic integrals to canonical forms,
it is necessary to factor the polynomials appearing under
the square root of the forementioned integrands for W.
The polynomial under the root in the 7 integrand factors im-
mediately to

e[l — (9/7a)%][1 — «*(n/7.)?]

where the constants are related to ¢y, ¢s, ¢s, and ¢? as shown in
the Calculations Section and

1.2 9. > 9 k2 ~ 1073(R./s)?
Here R, is the earth’s equatorial radius and s the semilatus
rectum of the orbit.

The polynomial under the root in the p integrand must be
factored in the form

—2¢i(p2 — p)(p — p)(o? + Ap + B)
where
A=p + ps+k/c, and B = —c¥es? — 3% (2c1p1ps) 2

By a method of successive approximations, the roots p; and
pe may be found. Expressions for these roots, accurate to
the second order in an oblateness parameter ky ~ (R./s)2 1073,
are given in the Calculations Section. For arbitrary ac-
curacy, it is necessary to factor numerically. If errors up
to about 300 ft are acceptable the second-order approxi-
mations can be used for trajectories of less than one orbit.

Solution in Terms of Canonical Elliptic
Integrals

The elegant part of Vinti’s analysis is in his expansion of
the elliptic integrals in such a manner that he obtains com-

ATAA JOURNAL

plete separation of secular and periodic terms. Instead of
following that analysis, the equations of motion will be ex-
pressed explicitly in terms of canonical elliptic integrals
that then can be evaluated from standard power series ex-
pansions. These are power series in the square of the modu-
lus of the elliptic functions, whereas some of Vinti’s expan-
sions are power series in the modulus and consequently
converge more slowly, This modulus is proportional to
the square root of the oblateness parameter J.

Incidentally, these standard power series can be separated
into secular and periodic parts almost by inspection. How-
ever the resultant forms are more complicated than Vinti’s,
since complex parameters are involved. ’

The canonical elliptic integrals are: F(8,x), the incomplete
elliptic integral of the first kind; E(6,x), the incomplete
elliptic integral of the second kind; and II(6,7.%k), the
incomplete elliptic integral of the third kind with parameter
7% Their integral representations will not be repeated
here, since they are well known.?

The elliptic integrals obtained by differentiating the char-
acteristic function W can be reduced to combinations of these
canonical forms. This can be done most easily by using the
excellent handbookf of Byrd and Friedman.® The result
is that the orbit equations can be put in the form

£+ Bi = (—2ciab) V2 8(f,9)
Ba/cs = —(2¢:ab) V2 F(f,k1) + na ¢ F(6,k)
Bs = a — T(f,0)
where f and 6 are related to p and n by

f et1—(A+9)/(A+ o)
Z—i[e—1+(A+S)/(A+P)]

== 7, sinf

tan

The quantities f, s, and e are analogous to the true anomaly,
semilatus rectum, and eccentricity of elliptic motion. A is
a small quantity of the order sko.

The abbreviations S( ) and T'( ) are defined by

S(fye) = {[ll? - 2A(A + S)] R(f,é,l(l) +
(A* + U) F(frr) +

(sl — k2 sin?f)i2
le2|:F(f,K1) — E(fx) + (Slnf)il—{_ Excoss;nf) ]+

LIF6x) — E(0,K)]}
T(f,0) = cslnacs™ML(0,m.%6) — (—2¢1ab) "M% ¢ P(f,)]
where
P(fi) = (A* + ) HF(fix) + (A + 8) Q)]
) = fOF'(f,m) (s — A — 2A¢ cnw) dv

(s — Aeen)? + c2(1 + e cw)?
R(fiex) = (1 — &)7[f,e/(e — 1), 1] —
el tan 71 [[;71(1 — &y sin?f) 12 sinf]

and @ is handled in the Evaluation Section. The arctangent
is an angle in the first or fourth quadrants and is considered
single valued. The elliptic integral moduli x and «, are of
the order (ko)!/2. All the constants appearing in these ex-
pressions are functions of the initial conditions and geo-
physical constants, as given in the Caleulations Section. If
the roots p; and p, had been found exactly, by numerical
factoring, then the forementioned equations would give the
exact solution for the Vinti potential.

T Note that there is a factor g missing from the right side of
formula 259.04, used in connection with the Vinti solution.
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When ¢ = 0, the equations of motion reduce to the familiar
forms

t+ B = (—2c10001) M2 (I — %) ~3/22(F — e sinE)
B:=—f+0
Bs = a — tan[(1 — 5,32 tanf]
where

E = 2tan{[(1 — ¢/(1 + €] tan(f/2)}

f is the true anomaly, p, is the apogee, p; the perigee, € the
eccentricity, s the semilatus rectum, and 7, the sine of the
inclination of the orbital plane. It is apparent that 8. be-
comes the argument of perigee and B; the longitude of the
ascending node.

Terminal Point Coordinates

The preceding orbit equations of motion apply to a variety
of rocket trajectories as well as to earth satellite orbits. For
instance, the ascent trajectories for most satellite missions
include free-flight, or “coast,” segments between the power
flight maneuvers. The descent trajectory for deorbit from
a satellite orbit also contains a free-flight segment. The free
flight segment of a ballistic missile trajectory and the skip
portion of a spacecraft re-entry trajectory fall into this cate-
gory.

If the initial position and velocity are given, the orbit
equations can be used to find the terminal point of the free-
flight trajectory segment. An iterative solution is required
if the terminal point is specified in terms of elapsed time
that is usually the independent variable in ascent trajectories.
For descent trajectories, including ballistic missile re-entry,
the free-flight trajectory usually is terminated at the “top’”
of the atmosphere. This can be given as a fixed altitude
above the ellipsoidal earth, or, more approximately, by a.
surface of constant p. In the former case a simple iterative
solution is needed, whereas no iteration is needed in the latter
case. The surface of constant p is very close (within =+ 1
mile) to a spherical surface.

If the elapsed time (coast time) ¢ is given, the terminal
values of p and 7 are found as follows. An initial f estimate,
f*, is obtained from the central force field equations given
previously, for ¢ = 0. A Newton-Raphson iteration pro-
cedure can be used to solve the time equation. Next the
exact orbit equations involving ¢, f, and 0 are solved iteratively
for f, using f* as the starting value. A Newton-Raphson
procedure can be employed again, using the time derivative
expression, df/dt, obtained for the ¢ = 0 case. The re-
maining coordinates are found from

= {(A + 8)/(1 + e cosf)] —

If the terminal point is given in terms of a surface of con-
stant p, then the computational procedure shown in the
Calculations Section is used to-obtain 7.

If the terminal altitude h above the earth’s surface is
given, the computational procedure given in the Calculations
Section has to be altered. In the group of four equations for
finding the terminal value of 5, the first equation becomes
simply p = R,, as the initial approximation for p. After 5
is found, a better value for p is obtained from the relation
between p and 7 on a surface of altitude A above the earth’s
ellipsoid (see the Appendix). Then f, 6§, and n are recalcu-
lated using the improved value of p. This iterative procedure
is repeated twice, using the new value of p for each cycle.

N = 7, sinf

Evaluation of Canonical Forms

The power series expansions for the canonical forms, to the
order of the fourth power of the modulus are

F0,k) = 6 + k%:(0)/2 4 3k*(3 £:() — sinf cosh)/32
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where
£t:(8) = (8 — sinf cosf)/2
F,k) — E(0,x) = k2 t(0) + «*[36:(6) — sin% cos]/8
I0(6,70%k) = bo + k%(by — O)na72/2 +
k*(37m.2 sinf cosf + 6by — 60 — 39,20)n, /16
where
b = (1 — 7)) M2 tan~1[(1 — 7)Y tand]

and the arctangent is rendered single valued by requiring
bo(l — 7.2)V2 = 6§ whenever 6 is a multiple of 7/2. The
amplitude elliptic function has the expansion

z/K + (x2/8) sin(2z/K)

am(x,k)
where

K

1 4 «2/4 + 9x*/64

The complete series expansions are given on pp. 299-303
of Ref. 3. Although this reference states that 8 must be in
the first quadrant, these expansions are actually valid for
any real value of the argument 6. It might be added here
that the term of 0(x*) was omitted intentionally from the
expansion for the amplitude elliptic function due to the fact
that the numerical coefficient of this term is itself 0(x).

The integral Q(f,x1) can be expressed in terms of two in-
complete elliptic integrals of the third kind with complex
parameters, so that it has the standard form. However,
complex quantities can be avoided by expanding the integrand
in powers of A and ¢? and employing term by term integra-
tion. The result, for P(f,x), is to order ¢%/s?

$P = (1 — % )F(fik1) + 2¢(1 + As™ — 2¢%72) X
sinf[l — (k2/6) sin?] + €2(1 + 4As™! — 3¢2%72) F(f,x1)

Calculations

The calculations to be carried out for the determination
of the rocket’s terminal coordinates in inertial space are
summarized below. The inputs required are the initial
position and velocity components in rectangular equatorial
coordinates and initial time. The geophysical constants re-
quired are the earth’s gravitational constant %, equatorial
radius R,, ellipticity e, and oblateness parameter J as defined
by Jeffreys. The outputs are terminal time ¢, right ascension
a, declination 8, and radial distance R from the earth’s center.
The Appendix gives equations for finding terminal velocity.
The subseript ¢ quantities refer to the initial point and the
unsubscripted quantities to the terminal point.

The constants that appear in the orbit equations are
caleulated in the following order:

2R 2J/3

R = X2+ Y2+ Z2 o = tan i(Yi/X,)

p = (R — &) + [(R — ¢ + d? Z2|2} vz g

N = Zi/ps

o = X2+ V24 Z)/2 — koo + )

e = XV — VX,

(02 — niXX: + ViVi + ZZ)P + o
1 = 7:)

cs = ¢ — 2¢%

I

CZ

622 = — 261621],‘2

e (e — c)12
w = (1 4 8¢ cieales™HV?

2 = (1 —-w/1+w

Na® = 2642(1 + ’l,U) 1egTk
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2 = —2¢c.2k? Y2 = 22 ky = —2¢16%;72

I =14 k(@Y — 4% — ky?(1222 — 2* —
20z%* — 16 + 3292 + 2%?) + . ..

H =1 — kox%y? — ko*x?%?(22? — 32%® — 4 4 8y?) + ...

p = —k[H — (H* — z)2](2¢,) !
pr = —k[H 4+ (H? — x2I)1/2](2¢,) !
B = —c%2(2ciprps) !

a = (2p + po2 + pok/c + B)'

b = (2pd+ pips+ o1 k/en + B2

kit = [(p2 — p)? — (@ — b)*](4ad) ™!

e = f(a—bla+bd s = (pb + ma)(a + b) 1
A = (pb— pa)(@ —b)*

I =(6+A2e -1 e+ k21 — )]

L, = k(1 — ) lh = —¢e — 2K%(1 — €%
i = (1 — e[ + 21 — )]12
I = e k7% — 2c10b)V2
_ +1-(@A+s)/QA+ pi)]m
. = {2tan1 | -
fo = {2t [e—1+(A+s)/(A+pi) X
sgny + 7

where sgny = sgn(XX 4+ YY + Z2)
0: = tan~'[pm. 7Y/ (1 — i)
where the root has the same signature as
N pils — (X Xs + Yi¥i + Z:2)]
Bi = (—2ciab) ~V/2 8(f.,6:) —
Be/cs = —(—2ciab) "2 F(fi,11) + 19aca"1F (05,1)
Bs = ai — T(f:,0:)

The terminal value of % on a surface of constant p (fitted
$o an altitude b at the equator) is found from

p = B+ B = o]

B T 1
R P 1w MR

— —1/2
6 = am‘:ﬁl—c4 + ¢4 (=20i0b) 77

770,62 na

i

P ]

N = 7 Sinb

If the terminal point occurs before apogee, then the sign of
the right side of the equation for f is reversed and the 27 term
is dropped.

The orbit equations for finding the terminal time ¢ and right
ascension « are

t+ B = (—2ciab) 2 8(£,6) a = B+ T(f,9)
Radial distance R and declination § are found from
R=1[p2+ 1 — el sind= /R

Remarks

Based on the preceding relations, a FAP digital computer
program for calculating the terminal point of the trajectory
requires less than 1000 storage locations, including elliptic
integral subroutines, and takes 0.05 sec to execute, in terms
of the IBM 7090 speed.

When the Vinti potential is used, the terminal position
error, caused by the neglect of part of the fourth harmonic
of the earth’s potential, can be bounded quite simply. The
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residual acceleration due to the neglected part of the fourth
harmonic is bounded by 4.1 X 107% ft/sec?. For a free-flight
trajectory of 2000-sec duration, an error bound of 62 ft is
obtained by using the formula for a constant acceleration.

The terminal position obtained from the Vinti solution,
for a 2000-sec trajectory, was compared with that obtained
by precision numerical integration. The difference was only
23 ft.

The power series for the canonical forms were truncated
at the fourth-order term in the modulus x. It can be shown
that the resultant error is less than «8/6 =~ 10—° (R,/s)2/6
rad where R, is the earth’s equatorial radius and s the semi-
parameter of the approximating trajectory ellipse. For
most trajectories of practical interest, s is large enough that
the truncation error will be less than the error caused by the
uncertainty in the measured values of the geophysical con-
stants.

Appendix

Additional quantities, such as position and velocity in
equatorial coordinates, are needed frequently. TFor con-
venient reference, the necessary relations, derived from the
expressions in the main text, are given here. The terminal
position in inertial equatorial coordinates is given by

X = (R? — Z)V? cosa Y = X tana
The inertial velocity magnitude is

V = (21 + 2kp(p? + c¥y?)—1)1/2

The velocity components in inertial equatorial coordinates
are found from the sequence of computations

6 = [ — e + 26 o) — el X
(p® + ¢*1) ™ [(na cosh) 1|

Z = py

f = (—2cab)2(1 — x*sin0) ~V2(1 — k2 sin?f)Y2y, 10
7 = Onacosf p = fe(p + A)*(sinf)(s + A)
RR = pp — c*p Z = pn+ pm

X = (RR— X"Ye¢ — ZDH)(X + XY
V = XY + ¥YX)
The flight path angle v is found from
siny = RV -1
The azimuth angle of the velocity vector is found from
sinB = (XY — YX)(V cosy) " 1(X2 4 Y2)~U/2
cosf = (RZ — ZV siny)(cosd) 1
In oblate spheroidal coordinates, a surface of constant

altitude h above the earth’s ellipsoid that has ellipticity e
and equatorial radius E. is given by

p = h+ p*(m)p**(n) + 0(e°Re) + 0(eh)

where
p*(m) = R.[1 — (e + 3e)n® + $e™n* + ec™n®(1 — 9HR,?]

p**(m) = 1 — (1 — P)R./2 — (1 — 719 R,~4/8 —
' cten*(l — p)R, ™
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